This paper presents the development and validation of a new semi-analytical, statistically-derived model for estimating absolute permeability from mercury-injection capillary pressure data. The foundations of our new model are the classic Purcell 1 and Burdine 2 equations which relate absolute permeability to capillary-pressure/wetting-phase-saturation properties. We also incorporate characteristic capillary pressure behavior using the Brooks-Corey 3 power-law model.
Introduction
The fundamental relationships between pore size/geometry and basic rock properties (e.g., effective porosity, absolute permeability, etc.) are well-documented in the petroleum and petrophysics literature. Moreover, the literature is replete with models for estimating or predicting permeability from basic rock properties. Nelson 4 has developed a comprehensive review of the literature, and he has identified five major categories of permeability models based on the physical rock attributes used in the model development: The five major model categories specified by Nelson are:
1. Petrophysical models, 2. Models based on grain size and mineralogy, 3. Models based on surface area and water saturation, 4. Well log models, and 5. Models based on basic rock pore dimensions.
In this paper, we focus on models that incorporate basic rock pore characteristics and dimensions, and specifically, pore characteristics as determined from capillary pressure data. Nelson has further classified these particular models as direct types since they not only relate rock permeability directly to the pore dimensions and connectivity, but also incorporate fundamental theories of fluid flow through porous media. Most of these direct methods -especially the early models developed in the 1940s and 1950s -use mercury-injection capillary pressure data to quantify the rock pore and pore throat characteristics.
Although the physical basis for the existing direct models is similar, we have observed varying (even inconsistent) results among the various "theoretical" models. The primary motivation for our work is to "close the loop" on relating mercuryinjection capillary pressure data and the simplified "bundle of tubes" permeability models proposed by Purcell 1 and Burdine 2 and extended to incorporate the power law p c (S w ) model by Brooks-Corey. 3 Consequently, the principal objective of this work is to develop and document a "universal" model which provides a more consistent correlation of permeability with mercury capillary pressure data for a much wider range of rock types. We begin with a review of the models developed previously -and we then document the validation of our generalization of the Purcell-Burdine-Brooks-Corey k(H g ) model.
Permeability Models-Historical Perspective
Leverett J-Function (J(S w )): (ref. 5) One of the first correlation models for petrophysical properties was proposed by Leverett 5 who developed a relationship between wetting phase saturation and the interfacial curvature between the wetting and non-wetting fluids in the pore throats (this relationship is based primarily on a dimensional balance of the parameters (e.g., φ / k is an "equivalent length")). This concept (i.e., the "J-function") was proposed by Leverett as a dimensionless function that could be used to normalize capillary pressure data for a range of rock properties.
The Leverett J-function is defined as We note that F P is the Purcell "lithology factor" which is used to represent the differences between the hypothetical model and actual rock pore system. The F P "lithology factor" is an empirical correction that Purcell determined for several different core samples over a range of absolute permeability values.
Rose and Bruce Study: (ref. 6)
In 1949, Rose and Bruce 6 conducted a sensitivity study of rock properties and their impact on the shape of mercury-injection capillary pressure curves. They showed that the measured capillary pressure depends on pore configuration, rock surface properties and fluid properties. Rose and Bruce also found that capillary pressure curves can be used to characterize the distribution, orientation, shape and tortuosity of the pore system -as well as the interfacial and interstitial surface area. Although Rose and Bruce did not propose a permeability relation, they did demonstrate the use of the Leverett JFunction (Eq. 1) (with extensions of their own) to generate relative permeability-saturation profiles.
Calhoun, et al Permeability Relation: (ref. 7) In 1949, Calhoun, et al 7 showed that the Purcell 1 lithology factor (F P ) is inversely proportional to the formation tortuosity factor (τ). Their study also determined that the internal rock surface area could be defined in terms of the fluid interfacial tension, rock-wetting phase fluid contact angle, and the area under the capillary pressure curve. Additionally, Calhoun, et al developed a semi-empirical relationship for absolute permeability as a function of effective porosity, adhesive tension, capillary displacement pressure, and the value of the J-Function at 100 percent wetting phase saturation. Calhoun We note that the Burdine et al relation is fundamentally similar (in derivation) to the Purcell relation -the interested reader is also directed to an additional reference article (ref. 8) by Burdine et al where additional detail and clarity of nomenclature are provided for Eq. 4.
Wyllie-Spangler Permeability Relation: (ref. 9)
In 1952, Wyllie and Spangler 9 developed a model using the Purcell/Burdine concept, but Wyllie and Spangler used electric log properties to determine the tortuosity factor (specifically, this is given in terms of the formation factor which is defined as the ratio of the resistivity of the formation at 100 percent wetting phase saturation to the resistivity of the formation brine). In Eq. 6, a is an empirical constant (a is often assumed to be 1) and m is the cementation factor (m is often assumed to be 2) Note that m is a function of pore type, pore geometry and lithology.
Wyllie and Spangler also demonstrate that the tortuosity factor can be related to the formation factor determined from electric log measurements (Wyllie and Spangler actually made their developments in terms of the tortuosity factor, then "converted" their result into a formulation which uses the formation resistivity factor). In addition, Thomeer hypothesized that the shape of the hyperbola reflects the pore geometry, so he used the curve shape to define a pore geometrical factor. We note that Thomeer assigned the pore geometric factor a value between 0 and 10, where low values represent large well-sorted pore openings and high values represent high levels of variation in pore opening sizes. As a result of these definitions, Thomeer proposed an empirical equation relating air permeability to capillary pressure, displacement pressure, non-wetting phase saturation, and pore geometric factor. (9) where: The subscript "A" (or apex) refers to the maximum ratio of the mercury saturation to the capillary pressure. Swanson hypothesized that the maximum ratio occurs at the point at which all of the major connected pore space is filled with mercury. Further, the capillary pressure at the apex reflects the dominant inter-connected pores and pore throats controlling most of the fluid flow characteristics.
The constants a 1 and a 2 in Eq. 9 represent various rock lithologies and fluid types, respectively, in the system. Winland Permeability Relation: (ref. [16] [17] A methodology attributed to Winland (no reference other than company) was documented initially by Kolodzie 16 and extended by Pittman 17 where regression analysis was used to develop an empirical relationship that is conceptually similar to Swanson.
14 The "Winland" equation describes the relationship for absolute permeability, effective porosity, and a capillary pressure parameter (R 35 The Winland data set includes 56 sandstone and 26 carbonate samples with permeability measurements corrected for gas slippage or Klinkenberg 18 effects. This data set also includes another 240 samples of various lithologies but without permeabilities corrected for gas slippage effects. We note that the permeability computed by Eq. 12 is not the Klinkenbergcorrected permeability.
Development and Validation of New Model
The foundations of our correlation model are the classic Purcell 1 and Burdine 2 equations -which assume that the porous medium can be modeled as a bundle of parallel (but tortuous) capillary tubes of various radii. Further, the range of tube radii are characterized by the pore size distribution as computed from the area under the capillary pressure curve.
The classic Purcell-Burdine k-model (Eqs. 2 and 4, respectively) has been re-derived by Nakornthap and Evans 19 -and this "redevelopment" includes considerations by Wyllie and Spangler 9 and Wyllie and Gardner. 20 The final form of the Nakornthap and Evans result, solved for formation permeability, is given as: = pore throat "impedance" factor, dimensionless n = number of entrances/exits in a pore, dimensionless σ Hg-air = mercury-air interfacial tension, dynes/cm θ = contact angle of incidence for wetting phase, radians φ = porosity, fraction of pore volume p c = capillary pressure, psia S w = wetting phase saturation, fraction of pore volume S wi = irreducible wetting phase saturation, fraction of pore volume
The definition of the "effective" (or normalized) wetting phase saturation function was first proposed by Burdine 2 and later utilized directly by Wyllie and Gardner. 20 This definition is given as: In this approach, we incorporate the capillary pressure curve characteristics using the Brooks-Corey 3 power-law model which is given by: 
While we could not find the explicit form given by Eq. 16 in the literature, it has undoubtedly been derived as Eq. 16 is the generalized formulation used to derive the relative permeability relations of Brooks and Corey, 3 the results of which are also presented by Nakornthap and Evans. 19 Nakornthap and Evans assign the ω and n parameters to address non-ideal flow behavior. To describe the ω-para- 
Note that we have added an empirical parameter, α, in Eq. 19 to represent any remaining non-idealities that have not been accounted for by any other terms. If we were to attempt to utilize Eq. 19, we would likely assume α = 1, or attempt a calibration of the α-parameter for a particular data set. In fact, we did use Eq. 19 in some of our early correlation efforts as a "test function," where we plotted permeability computed using Eq. 19 versus measured permeability on a log-log plot to assess significant outlying data.
Perhaps the most significant contribution of this work will be presentation of Eq. 16 -as this relation clearly states that permeability should be a power law function of displacement pressure, index of pore-size distribution, irreducible wetting phase saturation, and porosity. Recasting Eq. 16 as a power law correlation model gives us: where a 1 , a 2 , a 3 , a 4 , and a 5 are correlation constants -coefficient a 1 incorporates all of the "constant" terms (i.e., 10.66, ω/n, and (σ Hg-air cos(θ)) 2 ).
The form of Eq. 20 (or a simplified modification) permits us to create other relations -specifically, we can make model substitutions for other parameters (in our case, p d and λ) and create a "universal" (albeit simplified) model for permeability based solely on porosity (φ) and irreducible wetting phase saturation (S wi ). This effort is presented in Appendix B.
We also utilize the power-law model form as a mechanism to correlate the displacement pressure (p d ). In this case, we correlate the displacement pressure (p d ) in terms of permeability, porosity and irreducible wetting phase saturation using: Lastly, we correlate the "index of pore-size distribution" (λ) with permeability, porosity, irreducible wetting phase saturation and capillary displacement pressure, again using a powerlaw model. This formulation is given as: 
To calibrate the proposed power models (Eq. 20-22), we have used mercury-injection capillary-pressure data from the literature 1,10,20 and industry sources. Furthermore, we have tested our new model using samples from both sandstone and carbonate lithologies. Although we did not evaluate a range of different carbonate rock types, we expect our new model to be most applicable to carbonates with an inter-granular type of porosity and not "vuggy" carbonates.
We reviewed approximately 120 data sets -but used only 89 data sets in this work. The data not used in this study were set aside for a variety of reasons (i.e., suspicious character in the capillary pressure data (e.g., "double porosity" behavior), erroneous capillary data (poor calibration, poor character), and we also used only Hg-air capillary pressure data -so air-oil, and oil-water data were set aside for later studies).
The data sets used in our correlations have the following ranges of properties: 0.0041 md < k < 8340 md 0.003 (fraction) < φ < 0.34 (fraction) 0.007 (fraction) < S wi < 0.33 (fraction) 2.32 psia < p d < 2176 psia
Results and Discussion

Estimation of p d , S wi and λ from Regression:
Our initial calibration process was performed to estimate the capillary displacement pressure (p d ), irreducible wetting-phase saturation (S wi ), and the index of pore-size distribution (λ) on a sample-by-sample basis using Eq. 15 (i.e., the Brooks-Corey p c (S w ) model).
We could have attempted a "global" calibration of the p d , S wi and λ parameters simultaneously with the model parameters in Eqs. 20-22. Such a process would (in concept) be more robust -i.e., coupling the calibration of the Brooks-Corey model with each of the regression models (Eqs. [20] [21] [22] . However, the quality of data, coupled with the bias (human intervention) required to properly fit the Brooks-Corey p c (S w ) model to an individual sample data set, required that we perform this calibration separately. The results of the p d , S wi and λ calibration, along with the input permeability (k) and porosity (φ) data for this work are summarized in Appendix A.
In Fig. 1 we present a typical p c (S w ) data-model regression to illustrate our calibration process. We clearly note that, while the data-model fit is good, human intervention is required to ensure that the model is properly applied to the data.
Fig. 1 -Example correlation of Brooks-Corey pc(Sw) model to a typical core data set for this study.
We believe that this "separate" calibration of the p c (S w ) datamodel is appropriate, and we note that the majority of the effort in our correlation work focused on this particular task.
Estimation of k, p d , and λ Using Regression:
The regression setup for Eqs. 20-22 is fairly straightforward, as we used the Solver Module in Microsoft Excel 22 to perform our regression work. We formulated each regression problem in terms of the sum-of-squared residuals (SSQ), sum-ofabsolute relative error (ARE) and -depending on the casethese regressions were performed using the residual or absolute relative error based on the logarithm of a particular variable. A summary of our results for the k, p d , and λ regressions is given in Table 1 . We present the results of our permeability (k) optimization in Fig. 2 . We note excellent agreement between the measured permeabilities and those calculated from Eq. 20. The optimized coefficients from the regression analysis of Eq. 20 are summarized in Table 2 . We note that Eq. 23 was used to calculate the entire permeability range -from low permeability (tight gas sands) to unconsolidated sands. From our perspective, the generalized permeability relation (Eq. 20) has theoretical rigor (see Appendix A) and may be a "universal" permeability modelvalid for different lithologies, pore systems, and pore structures.
We recommend that the generalized form (Eq. 20) continue to be tested systematically. We will (again) note that care must be taken in assessing p c (S w ) suitable for such correlations. We have elected to consider Hg-air systems only for simplicityextensions to other systems must continue systematically, with diligent data screening and a "simplest" model first mentality.
We also correlate the capillary displacement pressure with per-meability, porosity and irreducible wetting phase saturationthe results of which are shown in Fig. 3 using a power law correlation model (the regression summary for this case is given in Table 3 ). Although we have developed more complex models for the correlating the displacement pressure, we believe that Eq. 24 is an excellent "general" model. We also note that Thomas, Katz, and Tek 23 proposed a similar formulation, where this model is also plotted on Fig. 3 for comparison. In our effort to correlate the index of pore-size distribution (λ) with permeability, porosity, irreducible wetting phase saturation and displacement pressure, we found less conformity in the resultant correlations. We believe that this behavior is due to the character of the index of pore-size distribution -recall that this parameter is an exponent in the Brooks-Corey p c (S w ) relation (Eq. 15). We have observed that Eq. 15 is relatively unaffected by the λ-parameter (i.e., the model is relatively insensitive to the λ-parameter).
In addition, we believe this insensitivity may make it more difficult to estimate the λ-parameter initially from p c (S w ) data than correlating the λ-parameter against other variables. Regardless, our characterization and correlation of the λ-parameter was less successful than our correlation of permeability (k) and capillary displacement pressure (p d ).
We present the correlation of the λ-parameter using a power law model in Fig. 4 , and we present the regression summary for this case in Table 4 . Our correlation of the λ-parameter yielded the weakest results (in terms of a graphical comparison (Fig. 4) , not in terms of a statistical regression). The results shown in Fig. 4 . clearly show weak (if not poor) conformance of the model to the data (i.e., the blue circle symbols, relative to the red dashed line (perfect correlation)). To better understand (but probably not quantify) this deviation, we have also constructed a "nonparametric" correlation of the λ-parameter using the methods given in ref. 24 .
A non-parametric correlation is the optimal statistical relationship for a given data set on a point-by-point basis -any parametric (i.e., functional) correlation which yields better statistical metrics than the corresponding non-parametric correlation has "over-fitted" the data (i.e., fitted the errors in the data). Our non-parametric correlation of the λ-parameter for this case is shown by the green square symbols on Fig. 4 . The relative similarity of the data in Fig. 4 suggest that our nonparametric correlation and our correlation using a power law model are comparable -which validates our use of the (relatively simple) power law model for this case.
As closure for this discussion regarding the correlation of the λ-parameter, we believe that the very basis of the λ-parameter (it is an exponent), coupled with the quality of data used to define the λ-parameter are the causes of the relatively weak correlation of the λ-parameter shown in Fig. 4 . Based on the non-parametric correlation for this case, we do not recommend additional efforts to improve the parametric correlation. But, we do suggest recasting the problem so that permeability is directly related to the various measurable rock properties, including porosity (φ), irreducible wetting phase saturation (S wi ), and displacement pressure (p d ). We also recommend use of some parameter other than the index of pore-size distribution (λ) to represent the "curvature" of the capillary pressure curve. Finally, we would also comment that Eq. 25 (i.e., the power law correlation for the λ-parameter) is probably more than sufficient for practical applications.
Summary and Conclusions
Summary:
Using the relations of Purcell, 1 Burdine, 2 Brooks and Corey, 3 Wyllie and Spangler, 9, 20 and Nakornthap and Evans 19 we have developed a base model to correlate permeability from mercury capillary pressure data. Our base model for permeability is given by Eq. 16:
Generalizing Eq. 16 into a correlation form yields Eq. 20: It is relevant to note that Eq. 16 suggests (under the assumptions of a "bundle of capillary tubes," Darcy's law, and other constraints which are related to how the capillaries are connected) that we can consider permeability to be a power law function of φ, S wi , p d , and λ. We recognize this simplicity, but we also suggest that Eq. 16 (or Eq. 20) should be a good starting point for the correlation of permeability.
Summarizing, we achieved the following power law correlations in this work: The results of our modeling efforts suggest that the correlating properties of the porous media (k, φ, S wi , p d , and λ) are not specifically dependent upon lithology -but rather, these properties uniquely quantify the fluid flow behavior of the porous medium. In that sense, we see this work as a generalized correlation for flow in porous materialsincluding soils, filters, sintered metals, bead packs, and porous rocks. As we noted earlier, we believe that this work is applicable to carbonates with an inter-granular type of porosity -not to cases of "vuggy" carbonates.
Conclusions:
The following conclusions have been derived from this work:
1. The permeability (k) can be successfully correlated to the porosity (φ), capillary displacement pressure (p d ), irreducible wetting-phase saturation (S wi ), and the index of pore-size distribution (λ) using a theoretically defined power law correlation model. 2. The capillary displacement pressure (p d ) can also be correlated using a power law model to the permeability (k), porosity (φ), and irreducible wetting-phase saturation (S wi ). This observation confirms the fundamental work proposed in ref. 23. 3 . The correlation of the index of pore-size distribution (λ) is somewhat problematic -the λ-parameter may be only weakly defined. The p c (p d ,S wi ,λ,S w ) model given by Brooks-Corey (ref.
3) is robust and suitable for this work, but -we find that the model can be relatively insensitive to the λ-parameter (i.e., a different combination of the p d ,S wi , and λ-parameters can yield equi-probable correlations of p c . This is an issue that is most likely related to the quality and character of the capillary pressure data.
Recommendations:
The following recommendations are proposed:
1. Consideration of more complex correlation models for: where α, β, χ are generalized constants. Our goal in this particular proof is to provide a specific combination of relations that, upon combination, yield the form given by Eq. B-3a (or at least a result that is an identical form).
The model based model for permeability for this work is given in the form of a generalized correlation as: Clearly, Eq. 20 is almost in the "Timur" form in terms of the porosity (φ) and irreducible wetting phase saturation (S wi ) -however, we note that because we use (1-S wi ), then our final model written in the "Timur" form should be: For simplicity, we will use a form of Eq. 20 that is written in terms of λ, rather than λ/(λ+2). This modification will not seriously affect the character of the correlation given by Eq. 20, and will provide the algebraic form that should mimic our rendering of the Timur correlation (i.e., Eq. B-3b).
The "modified" formulation of Eq. 20 (i.e., the permeability correlation) is given as: We first need to substitute Eq. 21 into Eq. 22 and reduce Eq. 22 into a form that only contains φ, k, and S wi . Making this substitution yields: We now substitute Eq. 22 into Eq. B-4 to reduce Eq. B-4 into a form that only contains φ, k, S wi , and λ. This substitution gives us: As an intermediate result, we raise Eq. (B-5) (λ) to the power of a 3 , which yields: (  1  1   5  4  3  4  3  5  2  3  2  3   5  3  3  3  3  3  5  3   3  5  4  4  3  5  2  2   3  5  3  3  3  5  3   3  5  4  4  5 In this work we have tuned Eqs. B-4, 21, 22, and B-7 to our database, and the results of this tuning exercise yields: Eqs. B-11, 24, 25 are combined as prescribed by Eqs. B-7 through B-10, and the results are plotted with the tuned Timur relation (Eq. B-12) in Fig. B-1 . We note good agreement, the points are identical, indicating that our algebraic exercise is correct. This exercise proves that the Timur formulation can be derived from a fundamental formulation, albeit the relation must be tuned to a particular dataset.
